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A B S T R A C T

We present a new strain-based concrete material model that is generally applicable in two- and three-
dimensional nite element analyses. The relevant constitutive laws are derived from a theory of plasticity and
fracture for concrete, and the nonlinear solution process is described. The nonlinear behavior of the concrete
includes crushing, crack opening and closing. The model is based on the use of the principal elastic strain di-
rections and a “compression coordinate system” using different failure surfaces for the different “directions” in
that system. The plastic-fracturing behavior is represented by a coupling between the plasticity and fracture in
the nite element solution. The predictability and performance of the new material model, used with the nite
element procedures, is evaluated and compared with results obtained in physical experiments and benchmark
problems.

1. Introduction

While nite element analyses are already widely performed, the
analysis of concrete structures with models of concrete materials still
represents signicant difculties. Concrete materials undergo complex
mechanisms involving nonlinear compression, fracture and cracking,
and these different characteristics of behavior interact to possibly cause
an overall failure of a structure. The nite element solution representing
the behavior of concrete should be accurate in correctly representing
measured experimental behavior, as well as be stable and show good
convergence in nonlinear analyses. These properties can only be reached
with an accurate constitutive law which needs to be implemented
effectively. Because of the importance of using an accurate and effective
nite element representation of concrete structures, research efforts
have been expended on this task already for about half a century [1–5].

For the analysis of concrete behavior with softening, notably two
frameworks have been developed: namely, the plastic-fracturing theory
[6,7] and the damaged plasticity [8]. The plastic-fracturing theory
combines incremental plasticity and microcracking theories to obtain
general differential relations on stress, strain, and internal plastic
strains. The damaged plasticity combines concepts of plasticity and
damage mechanics, and the softening behavior is represented with the
damage variable. Both frameworks can include micro-plane [9–13] and
lattice models [14,15] of concrete.

Although many research advances have been accomplished in

material models, not many material models are applicable to nite
element analysis. Many material models and their frameworks involve
stress quantities as unknowns to be solved [6,7,16], whereas the gov-
erning unknowns in a nite element analysis are displacements and
strains. Another major challenge is the difculty in obtaining a multi-
dimensional constitutive law applicable to a multi-dimensional contin-
uum, due to rational and non-polynomial functions describing material
behavior [17–20]. The underlying reason is that complex concrete
behavior naturally involves rational forms of stress [6] to include fail-
ure, including softening, in terms of general plastic-fracturing theory.

There are further valuable approaches for modeling fracture of
cracks and regularizing the behaviors, including non-local models,
gradient plasticity, and phase-eld models, which sometimes occur in
conjunction with a damaged plasticity model. Non-local models utilize
strains at integration points that are averaged across different cells
outside the nite element [21–23]. Gradient models require the inter-
polation of a separate gradient eld in addition to the element’s
displacement eld [23–27]. Our aim is to develop a strategy that utilizes
the generic displacement-based nite element procedure as it is, without
requiring special modications for specic material behaviors. Addi-
tionally, phase-eld models interpolate cracks using a continuous phase
variable [28,29]. Although these approaches are accurate, they neces-
sitate solving separate interpolation elds. Therefore, we focus on
standard methods to address crack behavior and their regularization
[22,30,31] based on smeared crack [31] and crack band approaches
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[30].
There have been research efforts in obtaining a general solution

scheme, such as given by MD Kotsovos and MN Pavlović [31] and J
Cervenka and VK Papanikolaou [32]. MD Kotsovos proposed the nite
element solution with experimental moduli as a fracturing step. J
Cervenka provided a nite element solution analysis framework for the
multi-surface plasticity utilizing several return mapping steps [32].
However, the use of a fracturing step alone would not pass the test of
ultimate strength, and the method to use at a minimum the plasticity
steps [33] from the plastic-fracturing framework is still missing.

In the present paper, we build upon the ideas of previous researchers
on modeling concrete materials to arrive at a new simple and generally
applicable model based on plasticity and fracture for general nite
element analyses. The new solution procedure is based on a theory
involving plasticity and fracture of the concrete material using two co-
ordinate systems, namely the ‘principal system of the elastic strains’ and
the ‘compression system’ of the material compression. These coordinate
systems are modied from earlier works [16–18,31] and employed
simultaneously and effectively in the nite element solution procedure
[33].

In the following sections we rst describe and discuss the new model
of concrete with an emphasis on modeling the physical behaviors, then
derive the governing equations of the model in three-dimensional ac-
tions and thereafter show how the model is “embedded” in the nite
element solution process. The concrete model can be used with the
traditional nite elements and also novel procedures as long as the
constitutive relationship is only evaluated locally at the integration
points [34–37]. We nally illustrate the validity and strength of the
model and its nite element implementation by solving various physical
problems of concrete structures and numerical benchmark problems
taken from references.

2. Formulation of the material model

In this section we describe the theory used to represent the plastic
and fracture behaviors of concrete in general three-dimensional stress
conditions. We present how the model incorporates compression,
crushing, tension, cracking with tension softening and briey mention
how the model includes reinforcement.

2.1. The new concrete model based on plasticity, fracture and tensile
failure

Our objective is here to briey summarize the phenomenological
plastic-fracturing theory of concrete, with a view towards the behavior
of concrete in compression, tension and cracking.

In three-dimensional analyses, the volumetric and deviatoric stresses
and strains are given by

σkk = σ11 + σ22 + σ33, σdevij = σij δijσkk3, (1a)

ekk = e11 + e22 + e33, edevij = eij  δijekk3, (1b)

where σij and eij are the global Cartesian components of the stress and
strain tensors in indicial notation and δij is the Kronecker delta [34].

Concrete subjected to compression exhibits nonlinear behavior
which can lead to failure, while the tensile behavior or cracking of
concrete can be modeled using a judiciously applied linear material
behavior, see Fig. 1.

Whether the material is in tension or compression is decided using
σo = σkk3 = (σ11 + σ22 + σ33)3

with the conditions
if, σo⩾0 then the material is in tension, and
if, σo < 0 then the material is in compression (2a)

Furthermore, we need to identify when the concrete material is
entering the “loading” condition over the complete response calculation.
This condition is identied using the J2-invariant

τo =
̅̅̅̅̅̅̅̅
2J2
3


=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σdevij σdevij
3

√

if, τo > τmaxo then the material is in loading, and
if, τo⩽τmaxo then the material is in unloading (2b)

where τmaxo is the maximum value of τo reached in the complete
material history over the converged congurations to time t. In
compressive loading, the material will reach a nonlinear behavior, see
Fig. 1.

It is useful to see the overall aim of the Section 2.1 presentations that
follow. In Sections 2.1.1 and 2.1.2, the physical assumptions in the
theories of plasticity and fracture are reviewed, and a strain and stress
decomposition is proposed to include the plasticity and fracture effects
in nite element applications. These basic thoughts lead to reach in
Section 2.1.3 and 2.1.4 a novel material model for use in nite element
analysis. These presentations are followed, in Sections 2.1.5 and 2.1.6,
to describe how crack evolutions are modeled and how steel reinforce-
ment is included in the analysis.

2.1.1. The essence of modeling concrete using the theories of plasticity and
fracture

We briey review a framework of elastic–plastic-fracturing behavior,
see also Refs. [6,7]. This framework is useful in modeling the concrete
material behavior.

The formulation uses the following stresses and strains, in differen-
tial form,

dedevij =
dσdevij
2G + dep,devij , dekk =

dσkk
3K + depkk, (3a)

and

dσdevij = 2Gdedevij + dσf ,devij , dσkk = 3Kdekk+ dσfkk, (3b)

dσf ,devij = 2edevij dG, dσfkk = 3ekkdK, (3c)

Fig. 1. Behavior classication of concrete. (fc compressive strength of concrete,
tp the tensile to compressive strength ratio, GF fracture energy per unit
crack surface).
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where G and K are the shear and bulk moduli, and the superscripts e, p
and f denote the elastic, plastic and fracture quantities.

For our conceptual study, we consider a one-dimensional (1D) con-
dition and use nite increments rather than differential changes, see
Fig. 2. Considering only plasticity we have

Δe = Δσ
E +Δep, (4a)

and considering only the effects of fracture we have

Δσ = EΔe+Δσf , (4b)

where

Δσf = eΔE (4c)

Here σ and e are the 1D total stress and strain, E is the instantaneous
Young’s modulus used to represent the physical behavior of our material
model, and ΔE is the change in the Young’s modulus.

One-dimensional case including plasticity and fracture
Empirically, we have the following form for the change of the

Young’s modulus

dE =  E⋅γ⋅eedee, γ = E
Ee
, (5)

where Ee is the modulus of elasticity in the initial conguration and E is
the current updated modulus. We note that E decreases as γ decreases,
with 0 < γ < 1. This decrease is a consequence of fracture as shown also
in Fig. 2.

Considering the strains, we can decompose the total strain to obtain

e = ee + ep + ef ,
ee = e ep  ef ,

Δe = Δee + Δep + Δef ,
(6a)

where
σ = Eee (6b)

The stress when measured on the strain assuming only elastic de-
formations decreases due to plasticity and also due to fracture, see Fig. 2.

In classical references, the equations regarding fracture and plas-
ticity have largely been derived in terms of decomposing the stress, see
e.g. [6,7], whereas we will use the strains as the primary drivers of the
solution process.

Another important consideration is that for a nite element solution
procedure to be applicable to a multi-dimensional continuum, the so-
lution scheme best measures increments in a simple polynomial form
[34,36], so that relevant derivatives can be dened without complexity.

2.1.2. Decomposition of the elastic-fracturing and elastic–plastic effects
We propose in this section how to measure elastic-fracturing and

elasto-plasticity in a multiple-dimensional behavior.
Three-dimensional idealization
Consider the three-dimensional (3D) system 1, 2, 3, in which the

strains (ee1, ee2, ee3) and stresses (σ1, σ2, σ3) are dened with the canonical
dependence relations to invariants,

D1 = eeijδij, D2 = ee,devij ee,devji 2, D3 = ee,devij ee,devjk ee,devki 3,
I1 = σijδij, J2 = σdevij σdevji 2, J3 = σdevij σdevjk σdevki 3,

(7a)

σ1 = σ1(I1), σ2 = σ2(J2, J3), σ3 = σ3(J2, J3),
ee1 = ee1(D1), ee2 = ee2(D2,D3), ee3 = ee3(D2,D3),

(7b)

where I1, Jj and Dk are the stress and strain invariants, ‘1′ is the “di-
rection” corresponding to the 1st invariant, ‘2’ and ‘3’ are directions
forming an orthogonal set to the direction ‘1’ and depend upon the 2nd
and 3rd invariants only. We use 1, 2, and 3 to denote the “directions” 

Fig. 2. Schematic framework of elasto-plasticity and fracture in 1D. The framework shows schematically the variables used in the concrete model.
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and the associated stress and strain quantities, which are identied with
the ‘compression system’ later.

In elasticity, the bulk and shear moduli relate the stresses to the
strains as
σJ = EJeeJ, (7c)

tE1 = Ke, tE2 = Ge, tE3 = Ge,
t+ΔtE1 = Ks, t+ΔtE2 = Gs, t+ΔtE3 = Gs, (7d)

with tEJ (Ke and Ge) and t+ΔtEJ (Ks and Gs) denoting the original and
updated (bulk and shear) moduli. The solution of the elasto-plastic-
fracturing problem is to solve Eq. (6) where Ee is replaced by tEJ, E is
replaced by t+ΔtEJ with the 3D setting in Eq. (7).

Decomposed solution procedure and coupling between plasticity
and fracture

We decompose the solution process to obtain the stress increment
using Eq. (7c),

ΔσJ = t+ΔtσJ  tσJ, ΔEJ = t+ΔtEJ  tEJ,
ΔeeJ = t+ΔteeJ  teeJ,ΔσJ = ΔσfJ + ΔσpJ ,

(8a)

where ΔσfJ is the decrease in stress due to fracture with no strain change
but a change in the modulus and ΔσpJ is the plastic strain increment with
no change in modulus

ΔσfJ = ΔEJ⋅eeJ, (8b)

ΔσpJ = EJ⋅ΔeeJ (8c)

Then we have

eJ = eeJ + epJ , ΔeJ = t+ΔteJ  teJ = 0,
ΔeeJ = t+ΔteeJ  teeJ and ΔepJ = t+ΔtepJ  tepJ ,

t+ΔtepJ = tepJ  ΔeeJ,
(8d)

and the nite element procedures need to establish the change in
modulus as well as updating the plastic strain.

It follows from earlier work, see MD Kotsovos and MN Pavlović [31],
that the moduli and their changes are given in terms of the current
stresses. In fact, the fracture effects in Eq. (8b) can be directly incorpo-
rated in the analysis in empirical form by using the new moduli t+ΔtEJ
(thus not using ΔEJ and Eqs. (5) and (8b)). We shall use this approach.

The simplied solution process is shown in Fig. 3(a). Fracturing is
solved rst, and plasticity is solved next: in fracturing we use stress in-
crements directly by substituting the new t+ΔtEJ in Eq. (7d) for Eqs. (8b),
(8d), and in plasticity we keep t+ΔtEJ constant and use this constant
value to solve the ow equations in Eqs. (8c), (8d). The reason for this
order of computations is that fracturing (the change of modulus) is
measured elastically, and plastic strain is measured only after the elastic
coordinate (Eq. (7)) is set. A different order is possible, resulting in a
different accumulation of plastic strains, but our choice is to let plastic
strain occur minimally (in the principle of virtual work) with the soft-
ened modulus.

When solving for the effects of plasticity, the stresses and strains are

t+Δteeij =
1
2Gs

t+Δtσdevij + 1
9Ks

t+Δtσkkδij, (9a)

t+Δtσij = 2Gs t+Δtee,devij +Ks t+Δteekkδij, (9b)

and when solving for the effects of fracture, the stresses and strains are

t+Δtep,devij = t+Δtepij 
1
3δij t+Δtepkk, t+Δteeij = t+Δteij  t+Δtepij,

t+Δtσij = 2Gs t+Δtee,devij +
Ks t+Δteekk  σid


δij,

(9c)

where plastic strain is present in both steps, see Fig. 3(b). Here σid is
motivated from the volumetric conning effect in the concrete material
[31] known as the ‘conning pressure’, see Ref. [6].

We should note that Eqs. (8) and (9) in essence merge two theories,
those published by MD Kotsovos and MN Pavlović [31] and ZP Bazant
and SS Kim [6], to account for ‘fracturing’ and ‘plasticity’. The idea of
separating the plastic-only calculation from the fracturing-only solution
used here is useful for obtaining constitutive law effectively, like it is
useful in hierarchical modeling [38].

We briey presented the basic ingredients of our solution procedure
to include fracture and plasticity in the equations given above. In the
next two sections, we give some details of how we proceed when
considering a multi-dimensional strain and stress state.

2.1.3. Incorporating fracture
The changes in the material moduli are based upon the stresses and

are empirically given as [31]:

Ks = Ke 

1+ A

(σo
fc

)b1 
if σo

fc
⩽2, Ks

= Ke 

1+ 2b1Ab+ 2b(b 1)A

(
σo
fc

)1 
if σo

fc
> 2, (10a)

Gs = Ge

1+ c

(
τo
fc

)d1 
, σid = kfc

(
τo
fc

)n



1+ l

(σo
fc

)m 
, (10b)

where σo and τo are obtained using Eq. (2) for the last converged values
of stresses,

and A,b,c,d,k,l,m,n are coefcients that depend upon the cylindrical
compressive strength fc of the concrete material, as discussed in Ap-
pendix A. To obtain the constitutive matrix including cracking, also the
experimentally measured modulus is used but accounting for the
tangential (instantaneous) value instead of the secant value in Eq. (10)
[31], that is,

Fig. 3. Solution framework for three-dimensional concrete behaviors. (a)
Decomposition of incremental step into phenomena of elastic-fracturing and
elasto-plasticity. (b) Evolution of internal state with plastic strain, applied at the
intermediate conguration in Fig. 3(a).
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Kc = Ke in tension,

Kc = Ke 

1+ Ab

(σo
fc

)b1 
for σo

fc
⩽2 in compression,

Kc =
Ke

1+ 2b1Ab for σo
fc

> 2 in compression,

(11a)

Gc = Ge in tension,

Gc = Ge

1+ cd

(
τo
fc

)d1 
in compression

(11b)

These equations are used in the nite element solution. Due to the
rational forms of the moduli, using Eq. (7) and differentiating Eqs. (10)
and (11), we obtain the empirical form in Eq. (5).

To obtain the updated stress, the increments in the fracture strain
and Young’s modulus (Δef andΔE) in Eqs. (4c) and (4b) are not used and
instead we employ

ΔσfJ =  t+ΔtEJΔepJ , ΔepJ =  ΔσfJ
t+ΔtEJ

 (12)

We note that the inelastic effects of Δef are expressed in Δep, see
Fig. 2. Fracture and plasticity are two different phenomena but are
coupled through the elastic effects.

2.1.4. Incorporation of plastic flow
We next dene two coordinate systems that are key in the develop-

ment of the nite element procedure. The two coordinate systems are
the ‘principal system of the elastic strain’ and the ‘compression system’ 
shown in Fig. 4, which are used simultaneously in the nite element
solution procedure.

To describe the plastic ow, we use the coordinate system composed
of the current principal directions of the elastic strains
t+Δtee(0) = t+Δte t+Δtep(0), t+Δtee(0)kk = t+Δtekk  t+Δtep(0)kk ,

t+Δtee,dev(0)ij = t+Δtedevij  t+Δtep,dev(0)ij , with t+Δtep(0)ij = tepij,
(13a)




t+Δtee(0)11
t+Δtee(0)12

t+Δtee(0)13
t+Δtee(0)21

t+Δtee(0)22
t+Δtee(0)23

t+Δtee(0)31
t+Δtee(0)32

t+Δtee(0)33


= t+ΔtP




t+Δtee(0)1
t+Δtee(0)2

t+Δtee(0)3



t+ΔtPT ,

(13b)

t+ΔtP = [ t+Δt v̂1 t+Δt v̂2 t+Δt v̂3 ], v̂ j⋅v̂k = δjk,
t+Δtee(0)1 ⩾ t+Δtee(0)2 ⩾ t+Δtee(0)3 , t+ΔtP = t+ΔtP(0) = t+ΔtP(N)

(13c)

cos3θ = 3
̅̅̅
3

√
D3

2(D2)32
, (13d)

Fig. 4. Coordinate systems of strain denition. (a) Principal coordinate axes (ee1, ee2, ee3) and basis (v̂1, v̂2, v̂3) on elastic strain space. (b) Volumetric-deviatoric
separation by hydrostatic axis and deviatoric plane of elastic strain. (c) The compression coordinate axes (ee1, ee2, ee3) and basis (p̂1, p̂2, p̂3) on elastic strain space.
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

ee1
ee2
ee3


 = D1

3



1
1
1


+

̅̅̅̅̅̅̅̅̅
4D2
3

 


cos(θ)
cos(2π3 θ)
cos(2π3+ θ)


, ee1⩾ee2⩾ee3 as 0⩽θ⩽π

3

(13e)

where t+Δteej are the principal components (j = 13) and the v̂j form the
orthonormal basis corresponding to the principal components. This co-
ordinate system describes the directions of the elastic element de-
formations, see Fig. 4(a). The strain components in this system are given
in Eqs. (7a) and (13d) by the three strain invariants and the Lode angle.

The second system, as introduced in Eqs. (7) and (8c), is the
‘compression coordinate system’ which is used to obtain the incremental
strains (Δee and Δep) calculated based on the compression of the ma-
terial. The two systems are used for quite different purposes – to update
the elastic strains in the principal elastic strain directions and to calcu-
late the plastic deformations due to the actions of compression. The nal
results at the end of the step are given in the principal elastic strain
coordinate system at t + Δt.

We will use superscripts ‘(0)’ and ‘(N)’ for the stress and strain
quantities in the trial states and at the end of incorporating the effects of
plasticity, see Eqs. (8) and (9).

We now use the directions 1, 2, 3 corresponding to the directions of
uniaxial compression (ee2), biaxial compression (ee3) and hydrostatic
compression (ee1) dened as follows

ee1 =
⃒⃒
⃒D1

̅̅̅
3

√ ⃒⃒
⃒, ee2 =

̅̅̅̅̅̅̅̅̅
2D2


cos(π3 θ), ee3 =

̅̅̅̅̅̅̅̅̅
2D2


sin(π3 θ) (14a)

( ee1 ee2 ee3 ) = ee1 p̂1 + ee2 p̂2 + ee3 p̂3,

p̂1 =
( 1̅ ̅̅

3
√ 1̅ ̅̅

3
√ 1̅ ̅̅

3
√

)
, p̂2 =

( 1̅ ̅̅
6

√ 1̅ ̅̅
6

√  2̅ ̅̅
6

√
)
,

p̂3 =
( 1̅ ̅̅

2
√  1̅ ̅̅

2
√ 0

)
,

(14b)

̅̅̅̅̅̅̅̅̅
2D2


=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(ee,dev11 )2 + (ee,dev22 )2 + (ee,dev33 )2 + 2(ee,dev12 )2 + 2(ee,dev13 )2 + 2(ee,dev23 )2



=
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(ee2)2 + (ee3)2


,

(14c)

where the eej (j = 13) are dened in Eq. (14a) and the three vectors p̂,
q̂, r̂ are unit vectors dening the ‘compression coordinate system’ of
quantities in Eq. (7).

For the solution process, we need to relate the components in the
principal elastic strain axes to the components in the compression axes
of strains, hence Eqs. (13c) and (14c) are used for the transformation.
Further verication of the equivalence of Eq. (13e) and Eqs. (14a), (14b)
is given in Appendix B.

The plastic strain is decomposed by incremental changes using three
separate yield functions corresponding to both the volumetric (rst
component in compression axes) and the deviatoric (second and third
components in compression axes) effects of plastic strain.

The failure surface functions dened in these directions are denoted
using the subscript |(⋅), and the effective strains are dened as êpj . To
extend the plasticity to three individual failure surfaces corresponding
to the three compressive directions, we introduce

Fig. 5. Plastic functions representing failure surfaces. Plastic curves in (a) hydrostatic compression, (b) uniaxial compression, (c) biaxial compression.
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Δep1 = Δee1, Δep2 = Δee2, Δep3 = Δee3,
Δepj = Δepj|1 + Δepj|2 + Δepj|3,

(15a)

Δêpj = ((23)Δe
p
j Δepj )

12
 (15b)

The index j|k denotes the strain contribution in direction j corresponding
to the failure surface k.

f1 =
⃒⃒
ee1
⃒⃒
 fc⋅fp1,

f2 = ee2  fc⋅fp2,
f3 = ee3  fc⋅fp3

(15c)

fp1 = cp1

1+ êp1

a
s

êp1,

fp2 = cp2exp[
(êp2
c2

)m2
]êp2, fp3 = cp3exp[

(êp3
c3

)m3
]êp3,

cj = (ε̂pj)⋅m(1mj)
j with j = 2,3

(15d)

see Fig. 5. The coefcients used in these relations including the exper-
imental observations in Refs. [9,39–43] are given in Appendix C.
However, with the introduction of the strain-solution process, these
functions are dened differently from those in the previous literature.
The hydrostatic curve is increasing to match the experimental ts in
Refs. [39,40,43], with its derivative reaching zero as the plastic strain
tends to innity. Secondly, for uniaxial and biaxial curves, the function
decreases with a negative slope and then nally the function and the
slope approach 0, but the coefcients cj are dened differently from
those given in Ref. [16], see Appendix C for the detailed derivations and
reasons.

To solve for the plastic ow given by fj = 0 (j = 13) in Eq. (15) we
can employ similar schemes as used in standard plasticity [33], but how
we utilize the converged material solution to establish the global com-
ponents (Eqs. (8c) and (13a)) is different due to the introduction of two
coordinate systems and three additional characteristics in the ow. The
complete update procedure and derivation of the constitutive matrix for
the nite element solution are given in Section 2.2.

2.1.5. Incorporating cracking – Crack opening and closure and tension
softening

For modeling the cracking of the concrete, we apply two approaches
in our model: the approach to describe a crack opening and closure with
a strength envelope, and also the approach of utilizing smeared crack
orientations.

The strength envelope used for crack opening is [31,44]

g = τo 
0944fc
w

(
tp 

σo
fc

)0724
, tp ∈ [005, 010],

w(e) = 4(1 e2)cos2θ + (2e 1)2
2(1 e2)cosθ + (2e 1)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4(1 e2)cos2θ + 5e2  4e

 ,

e = 0670551(tp 
σo
fc
)0133,

(16)

where tp is the ratio of the tensile to compressive strengths ftfc, e is the
eccentricity of compression to extension on the deviatoric plane (e =
τo|θ=0τo|θ=π3, see also Fig. 4(b)). We note that w(e) is an elliptic
function obtained from the strength envelope in Ref. [44]. Eq. (16)
governs material failures after either softening in tension or ductile
failure in compression, see Fig. 1.

Considering the possibility of n cracks occurring, n = 1,2,3, we apply
the smeared crack approach to store the stress orientations as follows



t+Δtσ11 t+Δtσ12 t+Δtσ13
t+Δtσ21 t+Δtσ22 t+Δtσ23
t+Δtσ31 t+Δtσ32 t+Δtσ33


 = V(n)




t+Δtσ1
t+Δtσ2

t+Δtσ3


V(n)T

,

(17a)

V(n) = [ v(n)1 v(n)2 v(n)3 ], v(n)j ⋅v(n)k = δjk,
t+Δtσ1⩾ t+Δtσ2⩾ t+Δtσ3, n = 1,2,
V(n) = [ v(n)1 v(n)2 v(n)3 ], V(3) = V(2); v(1)j = v(1)j j = 1,3, v(2)1 = v(2)1 ,

v(2)2 = cos(θc)v(2)2 + sin(θc)v(2)3 , v(2)3 = sin(θc)v(2)2 + cos(θc)v(2)3 ,

(17b)

Fig. 6. Quantities used in the evolution of cracks. (a) Local axes for crack directions and crack-failure surfaces. (b) Projection of principal directions to establish the
second direction from the rst direction.
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tanθc = v
(1)
1 ⋅v(2)2
v(1)1 ⋅v(2)3

, v(n)j = v(n)jxk ixk , x1 = x, x2 = y, x3 = z,

T(n) = [T(n)
IJ ] = [T(n)

ijkl], W(n) = [W(n)
IJ ] = [W(n)

ijkl], I = ij, J = kl,

T(n)
ijkl =

1
2 (v

(n)
kxi v

(n)
lxj + v(n)lxi v

(n)
kxj ) for k = l,

T(n)
ijkl = (v(n)kxi v

(n)
lxj + v(n)lxi v

(n)
kxj ) for k ∕= l,

W(n)
ijkl =

1
2 (v

(n)
ixk v

(n)
jxl + v(n)ixl v

(n)
jxk ) for k = l,

W(n)
ijkl = (v(n)ixk v

(n)
jxl + v(n)ixl v

(n)
jxk ) for k ∕= l,

(17c)

The V(n) give the local orientation of a new crack, the superscript (n)
denotes the nth crack, V(n) is the rotated orientation for the crack, T and
W are the transformation matrices from the local to the global and the
global to the local Cartesian systems, respectively, ixk are the ‘global
axes’ for the global Cartesian coordinates, see Fig. 6. When
g( t+Δtσij) > 0, cracking occurs in the direction v(n)n of the largest principal
stress for the (n)th new crack. In later cracks, with a larger value of (n),
the directions are aligned to be orthogonal to any crack already formed.

In case the attempt is that (n) > 3, see Table 1, crushing occurs
resulting in zero stress, a constitutive law with all zero entries, and no
further history is measured at that material point.

Given the crack orientations, we update the current crack status
accounting for the previous history. With the crack strain eC(n)n available
(n = 1,2,3), the crack closure condition is given by
t+ΔteC(n) = T(n)T t+Δtee, eC(n) = [eC(n)I ] = [eC(n)ij ], (18a)

0 < t+ΔteC(n)n ⩽max
τ=0t

( τeC(n)n ) (18b)

A nite element can contain up to three new cracks at a location, and
if an orientation in Eq. (17) is the same as previously obtained
(V(n) = V(n1) with n⩾2) or the tensile crack strain does not exceed the
previous maximum strain as dened in Eq. (18b), the number of cracks is
reduced to (n  1).

With the number of cracks t+Δtn determined for the t+Δt state, the
following corresponding stresses and constitutive matrices for the
cracked state are used (here n = t+Δtn)
t+ΔtσC(n) =W(n) tσ, σC(n) = [σC(n)I ] = [σC(n)ij ], (19a)

additionally
t+ΔtσC(1)11 = 0 if n = 1, t+ΔtσC(2)11 = t+ΔtσC(2)33 = 0 if n = 2,

t+ΔtσC(3)11 = t+ΔtσC(3)22 = t+ΔtσC(3)33 = 0 if n = 3,
(19b)

t+Δtσ = tσ +CC(n)( t+Δtee  tee) if t+Δtn⩽ tn, (20a)

t+Δtσ = T(n) t+ΔtσC(n) + CC(n)( t+Δtee  tee)
with CC(n) = T(n)CCT(n)T if t+Δtn > tn, (20b)

with CC(n) = [CC(n)IJ ] = [CC(n)ijkl ],

CC(n) = [CC(n)IJ ] = [CC(n)ijkl ]with nonzero components for respective the n

Table 1
Overview of concrete material solution process.

For solution steps:

Current time = t + Δt, previous time =t, material
solution iteration counter k = (0), I, I + 1,⋯,(N); crack
solution counter m = (0), , (1)

1. Trial elastic -fracture
(Predictor stage)

Known quantities are
tσ, te, tep , t+Δte, for strain evolution
τmaxo , tσo , tτo , for solution classication
Calculate trial strain t+Δtee(0) = t+Δte tep (Eq.(13)),
Use new moduli due to fracture (See Section 2.1.3)
Obtain Ks, Gs, σid with tσo, tτo  (Eq.(10))
t+Δtσ(0)

ij = 2Gs t+Δt ee,dev(0)ij +
Ks t+Δt ee(0)kk  σid


δij, (Eq.

(9c))
update current state t+Δtσo, t+Δtτo  (Eq. (2))
In case there is no compressive loading go to 2–1, if
otherwise go to 2–2.

2-1. Solution without
ow
( t+Δtσo⩾0 or
t+Δtτo⩽τmaxo )

Calculate stresses (see Section 2.1.2)
t+Δtσ(N)

ij = tσ(N)
ij + CEijkl( t+Δt ee(0)ij  tee(0)ij )(Eq.(26))and

update the internal state, straight from (0) to (N)
in this solution step
t+Δt ee(N)ij = 1

2Gs
t+Δtσdev(N)ij + 1

9Ks
t+Δtσ(N)

kk δij(Eq.(9a))
t+Δt epij = tepij  t+Δt ee(N)ij + t+Δt ee(0)ij  The constitutive law is
now CEijkl
End of solution to include effects of fracture

2–2. Flow in
Compressive
loading
( t+Δtσo < 0 and
t+Δtτo > τmaxo )

Apply plastic ow solution (See Section 2.1.4)
Initialize the directions t+ΔtP and Lode angle θ with
t+Δtee(0). (Eq.(13))
Evaluate
t+Δt ee(0)1 = |D1|

̅̅̅
3

√
, t+Δt ee(0)2 = ̅̅̅̅̅̅̅̅̅2D2

√ cos(π3 θ),
t+Δt ee(0)3 =

̅̅̅̅̅̅̅̅̅2D2
√ sin(π3 θ), D1, D2 with t+Δtee(0)(Eq.

(14a))
Iterate
t+Δtλ(I+1)j = t+Δtλ(I)j + Δλj , t+Δt ee(I+1)j = t+Δt ee(I)j Δepj ,
t+Δt ep(I+1)j = t+Δt ep(I)j + Δepj , (Eq. (29c))
and solve until

⃦⃦
f(N)i

⃦⃦
< Tol, where Tol is the convergence

tolerance used.
After convergence calculate
(D1 )́ =

̅̅̅
3

√ t+Δt ee(N)1 ,
̅̅̅̅̅̅̅̅̅̅̅̅̅
2(D2 )́


= t+Δt ee(N)2 cos(π3 θ) +

t+Δt ee(N)3 sin(π3 θ),




t+Δt ee(N)1
t+Δt ee(N)2
t+Δt ee(N)3


 = (D1 )́

3



1
1
1


sgn(D1) +

̅̅̅̅̅̅̅̅̅̅̅̅̅
4(D2 )́
3





cos(θ)

cos(2π
3  θ)

cos(2π
3 + θ)



, (Eq.(30))

Evaluate the strains and stresses using the solution (N) in
Eq. (9b)
t+Δtσ(N)

ij = 2Gs t+Δt ee,dev(N)ij + Ks t+Δt ee(N)kk δij(Eq. (9b))
Calculate C = CE CP with Ks, Gs, corresponding to λ(N)i ,

establish the tangent values ∂gi
∂eek

, êp(N)i =

((23)
∂g(N)i
∂eek

∂g(N)i
∂eek

)
12

λ(N)i  (Eq. (27c))

End of plastic-fracturing solution
3.
Cracking
(compression or
tension)
(n = t+Δt n(m);
0 for closure,
n = 1,2, 3 for
cracks,>3 for
crushing)

Trial Stage (Crack opening)
If g( t+Δtσ(N)

ij ) > 0 ( t+Δtσo < 0 or t+Δtσo⩾0) then t+Δtn(0) =
tn + 1. Crushing occurs for t+Δtn(0) > 3 and all stresses
and the constitutive law are set to zero.
Obtain V(n), T(n)T and W(n).
Calculate t+ΔteC = T(n)T t+Δtee, determine crack closure.
(Eq.(18a)).
Crack solution
If the crack is open, t+Δt n(1) = t+Δt n(0),
calculate stresses with t+Δtσ = tσ +CC(n)( t+Δtee  tee) or
t+Δtσ = T(n) t+ΔtσC(n) +CC(n)( t+Δtee  tee) and t+ΔtσC(n) =

Table 1 (continued )
For solution steps:

W(n) tσ,apply tension-softening.
If the crack is closed, solution progresses with reduced
number of crack, or if t+Δtn = 0, go to calculations in 2.1
or 2.2 for the non-cracked state
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Fig. 7. Determination of the length scale. (a) Global approach, as the effective width of the crack band. (b) Local approach, as the element length.

Fig. 8. Flow chart of the solution process. (a) Fracture and plasticity coupled solution. (b) Crack solution. Scalar operations are applied to each component of
the vector.
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CC(1)1111 = ηNλa, CC(1)2222 = CC(1)3333 = λa, CC(1)2233 = CC(1)3322 = λc,

CC(1)1212 = CC(1)1313 = ηSGc, CC(1)2323 = Gc if n = 1;

CC(2)1111 = CC(2)3333 = ηNλa, CC(2)2222 = λa, CC(2)1212 = CC(2)1313 = CC(2)2323 = ηSGc if n = 2;

CC(3)1111 = CC(3)2222 = CC(3)3333 = ηNλa, CC(3)1212 = CC(3)1313 = CC(3)2323 = ηSGc if n = 3;

λc = Kc 
2
3Gc, λa = λc + 2Gc, ηN = 00001, ηS = 01,

(21)

with similar entries given in Ref. [1] for a xed crack.
Lastly, to use the fracture energyGF and tensile crack strain eC(n)n , Eqs.

(19b), (21) are modied as

if εTP⩽eC(n)n ⩽εTU with εTU = 2GF
fc⋅tp⋅lb

, εTP = fc⋅tp
Ke +

4
3Ge

,

GF =
1
2 (fc⋅tp)(ε

TU⋅lb) with length scale lb,

(22)

CC(1)11 = CTS, t+ΔtσC(1)11 = t+ΔtσTS if n = 1;

CC(2)11 = CC(2)33 = CTS, t+ΔtσC(2)11 = t+ΔtσC(2)33 = t+ΔtσTS if n = 2;

CTS = fc⋅tp
(εTP  εTU),

t+ΔtσTS = fc⋅tp
(εTP  εTU) (ε

TU  t+ΔteC(n)n ),

(23)

which is known as a tension-softening effect where the brittle behavior is
changed into ductile behavior, see Fig. 1. The ‘length scale’ lb which
normalizes tensile strain εTU for crack closure as well as the fracture
energy can be given either locally or globally in two different ways.
Firstly, it can be given as a material input parameter, applied globally as
the effective width of the crack band formed by elements containing the
cracks, see Fig. 7(a), by adopting the approach in M Jirásek and M Bauer
[45]. Secondly, when it is not specied (lb = 0 from global input), it can
be locally given as the maximum side length of the element on which the
material quantities are evaluated, lb = max(‖x1  x2‖, ‖x1  x3‖, ‖x1 
x4‖) where x2, x3, x4 are coordinates of the nodes attached to a corner
node at x1, see Fig. 7(b). The twomethods respectively correspond to the
‘non-local’ or ‘local’ interpretation of crack, see [22].

2.1.6. Incorporating reinforcement
We can use two approaches for incorporating reinforcement: In the

rst approach, 1D truss elements are attached compatibly to solid ele-
ments in the mesh in the physical directions of the reinforcement. In the
second approach, the smeared reinforcement approach, the elements
possessing ctitious thickness ρr × t are additionally attached to the
solid elements, where ρr is referred as the ‘reinforcement ratio’ for the
concrete thickness t. See Section 3 for examples of modeling the rein-
forcement in these ways.

The approaches described in this section are applicable in 2D and 3D
nite element solutions. In the case of plane stress conditions, the
components normal to the plane are statically condensed out.

2.2. The complete solution process

As described in detail in Ref. [34], the geometric and material non-
linearities can be described using the Total Lagrangian formulation
given by the governing principle of virtual work

t+ΔtR =
∫

0V
t+Δt
0 Sijδ t+Δt

0 εijd 0V, (24a)

where t+ΔtR is the external virtual work, t+Δt
0 Sij and t+Δt

0 εij are the 2nd
Piola-Kirchhoff stress and Green-Lagrange strain tensors, respectively,
and 0V is the domain considered in the reference conguration. The
linearization of the governing principle of virtual work about the

Table 2
Input parameters for the material model.

Parameters

Parametersalways given(range) fc compressive strength (fc > 0)
tp ratio of tensile to compressive
strength (5%⩽tp⩽10%)
GF fracture energy (GF⩾0) per unit area

Optional parameters(overwriting the
built-in parameters)

E Young’s modulus for initial strength
ν Poisson’s ratio for initial strength
lb length scale for fracture energy

Fig. 9. Stress–strain responses in the uniaxial compression test.

Fig. 10. Stress–strain responses in the biaxial compression test.
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conguration at time t gives [34]
∫

0V
0Cijrs 0ersδ 0eijd 0V+

∫

0V
t
0Sijδ 0ηijd 0V = t+ΔtR

∫

0V
t
0Sijδ 0eijd 0V,

(24b)

where 0eij and 0ηij are the linear and nonlinear parts of the Green-
Lagrange strain tensor, respectively, and 0Cijrs is the tangent stress–-
strain relation. Eq. (24) is a general relation for small and large strains
and large rotations. However, when modeling concrete, we can assume
small-strain conditions, which nevertheless may also contain large dis-
placements and rotations. Hence, to develop the solution procedure, we
can focus on the material-nonlinear-only case of Eq. (24), and use [34]

∫

V
CijrsersδeijdV = t+ΔtR

∫

V
tσijδeijdV, (25a)

with

dσij = Cijrsders, t+Δtσij = tσij+ dσij, (25b)

where t+Δtσij is the Cauchy stress, eij is the innitesimally small strain,
Cijrs is the constitutive law relating the incremental stress to the total
incremental strain, and all quantities are measured in the ‘global coor-
dinate system’ for the nite element analysis.

We should note, however, that although we focus on the material-
nonlinear-only case of Eq. (24), merely to give the solution steps, we
need to use the Total Lagrangian formulation of Eq. (24) if we want to
include large displacement/ large rotation effects (with the small strain
assumption). The material law used in that case is the same as used in
Eq. (25), see Ref. [34].

An overview of the complete solution process is given in Table 1. The
strain update from the solution of elastic-fracturing or elasto-plasticity is

Fig. 11. The concrete panel (W-2) problem. (a) Problem denition (h = 762mm,w1 = 2985mm,w2 = 762mm,l = 095mm,b1 = 864mm,b2 = 1016mm,b3 =
762mm). (b) Finite element idealization (f1 = 51mm,f2 = 152mm,f3 = 154mm). (c) Zones of smeared reinforcement. Further details are given in Table 4 in [mm,
N, MPa].

Table 3
Input parameters for the panel.
Parameters from the present model

fc, tp (0.05), GF ,lb = 00
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denoted using the material counter k = (0),⋯, I, I+1, , (N) and the
history of a new crack is denoted using m to account for a change in
crack status.

In case we have tensile behavior, or the material is in a state of
unloading (given by t+Δtτo < τmaxo in Eq. (2)), we solve for the incre-
mental linear solution of the stress as in Ref. [1], but for the material
state we obtain the new strain using Eq. (9b), and update the internal
‘inelastic strain’ using Eq. (8d).
t+Δtσ(N)

ij = tσ(N)
ij + CEijkl( t+Δtee(0)ij  tee(0)ij ), tee(0)ij = teij  tΔtepij,

CEijkl = (K 2
3G)δijδkl + 2G⋅12 (δikδjl + δilδjk),

K = Ke, G = Ge if tensile state,
K = Ks, G = Gs if unloading in compression,

(26a)

t+Δtee(N)ij = 1
2Gs

t+Δtσdev(N)ij + 1
9Ks

t+Δtσ(N)
kk δij, t+Δtepij

= tepij t+Δtee(N)ij + t+Δtee(0)ij  (26b)

where (N) denotes the nal state of the updated stress. Update of plastic
strain in Eq. (26b) comes from coupling of plasticity and fracture in
elastic medium as introduced in Eqs. (8), (9) with intermediate cong-
uration in Fig. 3. The constitutive law in Eq. (25b) is Cijkl = CEijkl in this
tensile or unloading state. If cracking occurs, the constitutive law re-
ects it using Cijkl = CC(n)ijkl in Eq. (20). See Table 1 for details.

In loading under compression, the total ow is updated with the
associated ow rule as follows:

λ(0)1 = 0, λ(0)2 = 0, λ(0)3 = 0,

Δepj|1 =
∂g1
∂eej

Δλ1, Δepj|2 =
∂g2
∂eej

Δλ2, Δepj|3 =
∂g3
∂eej

Δλ3,

gi = fi,

(27a)

where we note that the total plastic strain increment (in direction j) is a
result of all contributions from the three failure surfaces in the
compression coordinate system:

Δepj =
∑3

k=1
Δepj|k = Δepj|1 +Δepj|2+Δepj|3 (27b)

Δêpi = ((23)
∂gi
∂eek

∂gi
∂eek

)
12

Δλi = ΛiΔλi, with Λi = ((23)
∂gi
∂ee :

∂gi
∂ee)

12
, (27c)

and the yield function is linearized as

f (I+1)i = f (I)i +(∂f
(I)
i

∂eej
)Δeej +

∑3

j=1

∂f (I)i
∂êpj

Δêpj = 0 (27d)

With this new incremental equation composed of strains-only (with
yield function fi and potential function gi) we derive a process updating
the global stresses and the constitutive law.

Combining Eqs. (8d), (27a), (27b), and using Eqs. (15), (27c) we
obtain the terms in Eq. (27d),

(∂f
(I)
i

∂eej
)Δeej = (∂f

(I)
i

∂eej
)(Δepj|1  Δepj|2  Δepj|3),

= (∂f
(I)
i

∂eej
) ∂g(I)1

∂eej
Δλ1  (∂f

(I)
i

∂eej
) ∂g(I)2

∂eej
Δλ2  (∂f

(I)
i

∂eej
) ∂g(I)3

∂eej
Δλ3,

(28a)

∂f (I)i
∂êpj

= ∂f (I)i
∂êpi

δij = (cpifc)⋅
∂f (I)pi
∂êpi

δij,

∂f (I)i
∂êpj

Δêpj = (cpifc)
∂f (I)pi
∂êpi

δij⋅((
2
3)

∂g(I)i
∂eek

∂g(I)i
∂eek

)
12

Δλi

(28b)

Substituting Eq. (28) into Eq. (27d), we obtain

(∂f
(I)
i

∂eek
) ∂g(I)1

∂eek
Δλ1 + (∂f

(I)
i

∂eek
) ∂g(I)2

∂eek
Δλ2 + (∂f

(I)
i

∂eek
) ∂g(I)3

∂eek
Δλ3

+ (cp1fc)⋅((
2
3)

∂g(I)1
∂eek

∂g(I)1
∂eek

)
12

Δλ1 + (cp2fc)⋅((
2
3)

∂g(I)2
∂eek

∂g(I)2
∂eek

)
12

Δλ2

+ (cp3fc)⋅((
2
3)

∂g(I)3
∂eek

∂g(I)3
∂eek

)
12

Δλ3 = f (I)i ,

(29a)

A(I)Δλ = F(I), Δλ = [Δλ1 Δλ2 Δλ3 ]T , F(I) =

f (I)1 f (I)2 f (I)3

T
,

A(I) = [A(I)
ij ] = [∂f

(I)
i

∂eek
∂g(I)j
∂eek

] + [(cpifc)
∂f (I)pi
∂êpi

δij⋅Λi],
(29b)

Table 4
Modeling details (Concrete and reinforcement properties) of the panel
considered.

Zones

Zone 1
(top
panel)

Zone 2
(top ribs)

Zone 3
(bottom
panel)

Zone 4
(bottom
ribs)

Concrete properties fc fc = 26.8
Reinforcement
properties fyy, fzz,
Eyy, Ezz.

Yield strength in y and z directions fyy = fzz = 353,
Orthotropic Young’s moduli in y and z directions Eyy =
Ezz = 190000, respectively, and the corresponding
tangent moduli ETyy = 0, ETzz = 0.

Thickness ts1 = w2 ts2 = w1 ts3 = w2 ts4 = w1
Reinforce ratio
in y-direction

ρs1yy =
00092

ρs2yy =
00023

ρs3yy =
00183

ρs4yy =
00047

Smeared thickness
for y-direction

ρs1yyts1 =
07010

ρs2yyts2 =
06866

ρs3yyts3 =
1394

ρs4yyts4 =
1403

Reinforce ratio
in z-direction

ρs1zz =
00092

ρs2zz =
00047

ρs3zz =
00092

ρs4zz =
00047

Smeared thickness
for z-direction

ρs1zz ts1 =
07010

ρs2zz ts2 =
1403

ρs3zz ts3 =
07010

ρs4zz ts4 =
1403

Fig. 12. Calculated load–displacement curves.
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along with the updates to the strains and the total magnitude of ow
t+Δtλ(I+1)j = t+Δtλ(I)j +Δλj, t+Δtee(I+1)j = t+Δtee(I)j Δepj , t+Δtep(I+1)j

= t+Δtep(I)j +Δepj  (29c)

Once convergence has been reached using Eqs. (9), (13), (14), the
stresses and strains in the global coordinate system are obtained by
applying the inverse transformations

(D1 )́ =
̅̅̅
3

√ t+Δtee(N)1 ,
̅̅̅̅̅̅̅̅̅̅̅̅̅
2(D2 )́


= t+Δtee(N)2 cos(π3 θ) + t+Δtee(N)3 sin(π3 θ),

(30a)




t+Δtee(N)1
t+Δtee(N)2
t+Δtee(N)3



= (D1 )́

3




1
1
1


sgn(D1) +

̅̅̅̅̅̅̅̅̅̅̅̅̅
4(D2 )́
3

√




cos(θ)

cos(2π
3  θ)

cos(2π
3 + θ)



,

t+Δtee(N)1 ⩾ t+Δtee(N)2 ⩾ t+Δtee(N)3 ,

(30b)




t+Δtee(N)11
t+Δtee(N)12

t+Δtee(N)13
t+Δtee(N)21

t+Δtee(N)22
t+Δtee(N)23

t+Δtee(N)31
t+Δtee(N)32

t+Δtee(N)33




= t+ΔtP




t+Δtee(N)1
t+Δtee(N)2

t+Δtee(N)3



t+ΔtPT ,

(30c)

t+Δtσ(N)
ij = 2Gs t+Δtee,dev(N)ij + Ks t+Δtee(N)kk δij,

t+Δtee,dev(N)ij = t+Δtee(N)ij  1
3δij t+Δtee(N)kk 

(30d)

The constitutive matrix is given in the compression coordinate sys-
tem using Eqs. (7) and (14),

G = [GIJ] = [∂(σI)∂(eeJ)
] =



Ks

Gs
Gs


, (31a)

êp(N)i = Λ(N)
i λ(N)i , M =


êp(N)1 êp(N)2 êp(N)3

T
, (31b)

Cph =
[
CphIJ

]
= [∂(σI)∂(eJ)

] = (GM)(GM)T

MTGM , (31c)

Fig. 13. Cracking at limit state of panel. (a) Predicted response with our concrete model. (b) Experimental result obtained by V Cervenka and KH Gerstle [48]. (c)
Numerical result given in HG Kwak and DY Kim [50].
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where the plastic contribution to the constitutive matrix in the
compression coordinate system is used as a subtraction from the elastic
constitutive matrix [33]

LJ =
1̅ ̅̅
3

√ ∂(σ1)
∂(eJ)

⋅sgn(Ie1), NJ =
∂(σ2)
∂(eJ)

cos(π3 θ) + ∂(σ3)
∂(eJ)

sin(π3 θ),

∂(σ1)
∂(eJ)

= LJ +
̅̅̅
2
3


NJcos(θ),

∂(σ2)
∂(eJ)

= LJ +
̅̅̅
2
3


NJcos(

2π
3  θ),

∂(σ3)
∂(eJ)

= LJ +
̅̅̅
2
3


NJcos(

2π
3 + θ),

KI =
1̅ ̅̅
3

√ ∂(σI)
∂(e1)

⋅sgn(Ie1), SI =
∂(σI)
∂(e2)

cos(π3 θ) + ∂(σI)
∂(e3)

sin(π3 θ),

∂(σI)
∂(eJ)

= KI +
̅̅̅
2
3


SIcos(θ),

∂(σ2)
∂(eJ)

= KI +
̅̅̅
2
3


SIcos(

2π
3  θ),

∂(σ3)
∂(eJ)

= KI +
̅̅̅
2
3


SIcos(

2π
3 + θ),Cpr = [CprIJ ] = [∂(σI)∂(eJ)

],

(31d)

C = CE  CP, C = [Cijkl], CE = [CEijkl], CP = [CPijkl] = [∂(σij)∂(ekl)
],

T1lJ = v̂1xl
∂(σ1)
∂(eJ)

, T2lJ = v̂2xl
∂(σ2)
∂(eJ)

, T3lJ = v̂3xl
∂(σ3)
∂(eJ)

,

O1mij = v̂1xm
∂(σij)
∂(eJ)

, O2mij = v̂2xm
∂(σij)
∂(eJ)

, O3mij = v̂3xm
∂(σij)
∂(eJ)

,

∂(σij)
∂(eJ)

= v̂1xj T1iJ + v̂2xjT2iJ + v̂3xj T3iJ,
∂(σij)
∂(ekl)

= v̂1xlO1kij + v̂2xlO2kij + v̂3xlO3kij ,

(31e)

with v̂i = v̂ixi ixi in Eq. (13), CEijkl is given from Eq. (26) with K = Ks, G =
Gs
We should note that the material solution process in Eq. (31) and the

Fig. 14. Scordelis-Bresler series of reinforced-concrete beams. (a) Problem denition with section proles and reinforcements. (b) Modeling idealization. (c) Mesh
used for A-2 and OA-2 beams (d) Mesh used for A-3 and OA-3 beams. Beam height h, depth d and length L; total center load P. For the OA-2 and OA-3 beams only
bottom horizontal (#9) bar stiffeners are used, for the A-2 and A-3 beams, all stiffeners (bottom horizontal (#9) bars, top horizontal (#4) bars and vertical (#2) bars
are used. The vertical stiffeners are spaced using l = 210 mm. Further dimensions and properties are given in Tables 6 and 7 in [mm, N, MPa].

Table 5
Input parameters for the beam.
Parameters from the present model

fc, tp (0.10), GF (046Nmm); lb = 00 or specied
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relevant update to the constitutive matrix in Eqs. (30), (31) lead to an
efcient solution scheme, see Appendix C for more details. By using the
consistent stress–strain matrix, the solution can reach a quadratic
convergence rate.

Table 6
Modeling details (Geometry and concrete properties) of Scordelis-Bresler beams.

Beam types

OA-2 OA-3 A-2 A-3

Concrete properties fc fc = 23.7 fc = 37.6 fc = 24.3 fc = 35.1
Section geometries
b,h

b = 305,
h = 561

b = 305,
h = 561

b = 305,
h = 561

b = 305,
h = 561

Effective depth
d(idealized location of
bar #9)
,
effective section area
A

d = 466,
A = b⋅d

d = 466,
A = b⋅d

d = 466,
A = b⋅d

d = 466,
A = b⋅d

Half effective length L2 L2 =
2286

L2 =
2743

L2 =
2286

L2 =
2743

Bottom reinforcement.
Total section area of
reinforcement As

5 #9 bars
As = 3226

6 #9 bars
As = 3894

5 #9 bars
As = 3226

6 #9 bars
As = 3894

Top reinforcement   2 #4 bars 2 #4 bars
Vertical shear
reinforcements

#2 bars,
spacing l

#2 bars,
spacing l

#2 bars,
spacing l

#2 bars,
spacing l

Reinforcement ratio of
bottom bars

ρr =
AsA=
00227

ρr =
AsA=
00274

ρr =
AsA=
00227

ρr =
AsA=
00274

Table 7
Modeling details (reinforcement properties) of Scordelis-Bresler beams.

Reinforcement types

#2 bar #4 bar #9 bar #9 bar

area 32.258 125.81 658.06 658.06
Young’s modulus
E tangent
modulus ET

18960×
103
18960×
103

20132×
103
20132×
103

21787× 103
21787× 103

21787× 103
21787× 103

Yield strength fy fy =
32543

fy =
34543

fy = 555028 fy = 55527

remark   For 2-serie-
sOA-2,A-2
only

For 3-serie-
sOA-3,A-3
only

Fig. 15. Load-displacement curve of the A-2 beam.

Fig. 16. Load-displacement curve of the A-3 beam.

Fig. 17. Crack patterns for the shear- compression (A-2) and exure-
compression (A-3) beams at failure. Predictions using our concrete model for
the (a) A-2 and (b) A-3 beams. Typical experimental patterns measured for the
(c) A-2 and (d) A-3 beams (B Bresler and AC Scordelis [51]).
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Fig. 18. Calculated load–displacement curve of the OA-2 beam.

Fig. 19. Calculated load–displacement curve of the OA-3 beam.

Table 8
Comparison of ultimate loads of Scordelis-Bresler beams.

Ultimate loads (P) in kN

Beams Present
Pu

Experiment
Puexp[51,52]

Theory
Putheor[51,52]

PuPutheor
(PuexpPutheor)

A-2 483.0 489 423 1.14 (1.16)
A-3 471.6 467 414 1.14 (1.13)
OA-2 363.6 356 292 1.25 (1.22)
OA-3 384.0 378 293 1.31 (1.29)

Fig. 20. Additional sensitivity study on meshes, based on OA-3 beam (GF =
046Nmm). (a) Rened mesh A (lb = 210 mm). (b) Rened mesh B (lb = 255
mm). (c) Rened mesh C (lb = 240 mm).

Fig. 21. Sensitivity study to mesh renement, OA-3 beam.
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The solution procedure tests whether the material is in compression
or tension, whether the material is loading or unloading, and whether
there are cracks or we have a crushed state, see Table 1. We demonstrate
the solution scheme in the analysis of challenging nonlinear problems in
Section 3.

Fig. 22. The notched beam in bending. (a) Problem denition (h = 100mm,t = 100mm,b = 2250mm,l = 50mm). (b) Finite element idealization with lengths of
coupling zones (b1 = 1575mm,b2 = 225mm,b3 = 125mm,b3 = 300mm) shown with reference mesh.

Table 9
Input parameters for the notched beam.
Parameters from the present model

fc, tp (0.10), GF = 0090Nmm,
E = 20× 103 MPa, ν = 02,lb

Fig. 23. Reference solution and crack growth patterns for the bending of notched beam. (a) Experimental range of solutions. (b) Localized crack growth.
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2.3. Implementation of solution procedure

In this section we consider the implementation of our procedure of
the material model as well as its efciency and stability. The procedure
derived in Section 2.2 is presented in a concise owchart, as shown in
Fig. 8.

The difference with the procedure in [32] is that internal strains are
not divided into plastic and fracture components. Instead, we maintain
only the plastic strain. The fracturing is included without material
iteration but instead using a change in the instantaneous state. Another
difference from the conventional stress-based approach is that we do not
need to repeatedly compute the stress from the strain during plasticity,
as all derivatives and ow directions are measured in terms of strain.

Regarding the plasticity solution loop, it requires a simple built-in
yield function F on the strain space that directly gives all coefcients
and renders the procedure to be stable. The local-solution stability
(solvability in the material iteration so that an iterative solution is ob-
tained for all ranges of strains) can be assessed from the properties of the
yield function, see Appendix C. The use of the principal system accounts
for all six different states of strain and stress in three equations and
hence is efcient.

The material model and the solution procedures have been imple-
mented in ADINA, version 25.0 of Bentley Systems, Inc. [46]. We next
give some illustrative solutions using the model and procedures.

3. Illustrative solutions

In this section we illustrate the use of our proposed concrete model.
We show the predicted response in basic tests, solve a two-dimensional

shear wall problem, three-dimensional reinforced concrete beam prob-
lems, and a three-dimensional dam problem. The problems considered
are chosen to encompass various response possibilities that can occur in
practical analyses. We summarize in Table 2 the input parameters for the
present material model. Across analyses, 20-node 3D solid or 8-node 2D
solid elements are employed for modeling the concrete structures.

3.1. Basic tests of model behavior

We perform uniaxial and biaxial tests. In both tests a cube is sub-
jected to single or two compressive pressure loads with minimum
boundary condition to prevent rigid body motion.

In uniaxial tests, the values obtained in P Desayi and S Krishnan [47]
withfc = 21 andfc = 30 are used while the strains are renormalized by a
multiplication factor of 2.3 to show strain values using the same scale.

The problem denition and the response of uniaxial compression are
shown in Fig. 9. The present material model exhibits the correct value of
critical strength across different cylindrical strengths, a behavior also
found in experiments [47]. Our concrete model passes the uniaxial
compressive strength test.

The problem denition and the response in biaxial compression are
shown in Fig. 10. In our material model and the reference data, the
stress–strain data for biaxial compression withfc = 32 is used. In the
reference results given by H Kupfer, HK Hilsdorf, and H Rusch [42], we
used the normalized strain (eecrit) where ecrit = 00025, in both cases of
ratios σzz : σxx = 1 : 1 and σzz : σxx = 1 : 0.

The calculated values of the critical loads for the biaxial cases are in
close agreement with the experimental results in H Kupfer, HK Hilsdorf,
and H Rusch. Our material model exhibits approximately a 15 %

Fig. 24. The nite element mesh cases. (a) Horizontal, (b) vertical, (c) regular, (d) type A distorted, (e) type B distorted, (f) vertically distorted meshes. When an edge
AB having endpoints A and B is subdivided by n with a ratio k, it is divided into n sub-edges having length ratios AB1 : AB2 : … : ABn = 1 : 2 : … : k.
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increase in strength in biaxial compression.

3.2. Analysis of concrete panel

We consider a concrete panel (W-2) subjected to a center load in
Fig. 11 [48,49,50]. Half of the panel is modeled, and the reinforcing
steel is idealized as rectangular elements with smeared properties and
varying thicknesses in the horizontal and vertical directions. Further
modeling details are presented in Tables 3 and 4. Smeared reinforce-
ment approach is used [48–50]. For this two-dimensional problem we
test our material model by using two different values of GF in the local
(lb = 00) formulation to model cracking.

Fig. 12 shows the load–displacement curves for the W-2 wall,
analyzed with monotonically increasing load. The limit load reached by
the structure is studied experimentally by V Cervenka and KH Gerstle
[48] and analytically by D Darwin and DA Pecknold [49]. For both cases
of fracture energies, the ultimate load reached by the structure is close to
the reference limit load (120 kN). The structural limiting behavior is
affected by cracking, so a change is observed for the two different GF
values, but the two cases of fracture energy did not produce signicantly
different results.

The predicted pattern of cracks presented in Fig. 13 follows closely
the experimental results. As a small difference compared to the

numerical result in [50], we did not obtain crushing at the top left
section of the wall but obtained instead multiple cracks at the bottom
right corner of the wall.

3.3. Reinforced concrete beam problems

We present the use of our material model in the analysis of the
reinforced concrete beam problems considered by B Bresler and AC
Scordelis [51,52]. The ultimate load is dened as the maximum load
carrying capacity reached in the nonlinear concrete behavior, cracking,
and failure in reinforcements.

The beams are shown in Fig. 14 [51,52]. The beams supported at
their ends are subjected to a center load. According to different geom-
etry patterns, material properties and reinforcement conditions, the
physical problems are known to exhibit different failure modes: shear-
compression for the A-2, exure-compression for the A-3, and diago-
nal tensile failure modes for the OA-2 and OA-3 beams [51,52]. All
stiffeners are modeled separately with trusses in addition to the concrete
using solid elements. The A-2 and A-3 beams contain vertical stiffeners.
Tables 5–7 give details of the modeling and material properties. The
analyses are performed with monotonically increasing loading under
load-control, using the low-speed dynamics (quasistatic) option [46] to
solve slightly past the critical point. The fracture energy GF = 046 N/

Fig. 25. The response of the notched beam in bending using the horizontally aligned meshes in Fig. 24(a). (a) The load–displacement curves. (b) A comparison of
crack evolutions.

Y. Ko and K.J. Bathe Computers and Structures 321 (2026) 108079

19



mm per unit area was prescribed, and the local interpretation of the
energy on the length scale (lb = 00) is initially used.

For the shear- and exure-compression failure beams (A-2,A-3),
Figs. 15–16 give the load–displacement curves, and Fig. 17 shows the
crack patterns. These A-2 and A-3 beams reached in the experiments
their ultimate load capacities mainly due to cracking, before the
load–displacement behavior completely levels off [51,52]. In the solu-
tions using our material model, the analyses of the A-2 and A-3 beams
continued up to the point of the top reinforcement reaching the yield
point and cracks permeated from the bottom, see [51]. The crack pat-
terns at the ultimate load, including for the A-2 beam, show more cracks
aligned toward the center of the beam near the cracked end, which is in
good agreement with the experimental patterns in B Bresler and AC
Scordelis [51]. The ultimate loads reached (493.0 kN;471.6 kN)
compared well with the experimental reference loads (489 kN;467 kN)
given in Refs. [51,52] for the (A-2,A-3) beams, respectively.

Figs. 18-19 give the load–displacement curves for the beams failing
in diagonal tensile failure (OA-2,OA-3). The ultimate loads reached in
our analyses (363.6 kN;384.0 kN) are also close to the experimental
reference loads (356 kN;378 kN) in Refs. [51,52]. Further comparisons
of the ultimate load predictions are given in Table 8 [51,52].

In addition, we choose the tensile-diagonal failure beam (OA-3) and
provide mesh renement studies in Figs. 20-21. This structure fails in
mixed compression and tension, and the ultimate load depends upon not

just the strength of the material but also the energy absorbed by the
crack. For the cracking part, the global manual inputs of lb are given in
Eq. (22) in an attempt to regularize the sensitivity. The Fig. 21 shows
that for the meshes considered, the attained load–displacement curves
are nearly the same. Detailed rules for determining lb are discussed in the
next example with a relatively simpler tensile dominant failure.

3.4. Notched beam under bending

We analyze a notched beam under three-point bending, see Fig. 22
[45,53] and Table 9. A beam of length 2b, height 2h and thickness t is
subject to bending load at the top surface above the notched crack of
width l and depth h. Concrete beams of this specic size and shape were
investigated experimentally by HA Kormeling and HW Reinhardt [53]
and simulated in [54–57]. To match the material properties, ft = tp ×
fc = 24MPa with tp = 010 and fc = 24MPa were employed with
additional initial modulus E = 20GPa and ν = 02.

The fracture energy GF = 0090Nmm per unit area was normalized
by characteristic length scale lb, which should be given from the width of
the crack band. This depends upon detailed factors such as formulation,
problem denition, and the nite element utilized [45]. For testing the
global interpretation of crack energy, we initially select the length scale
to be the same as the width of the notch lb = l = 5mm from the

Fig. 26. The response of the notched beam using the vertically aligned meshes in Fig. 24(b). (a) The load–displacement curves. (b) A comparison of crack evolutions.
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Fig. 27. The response of the notched beam in bending using the regular meshes in Fig. 24(c). (a) The load–displacement curves. (b) A comparison of
crack evolutions.
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Fig. 28. The response of the notched beam in bending using the distorted meshes in Fig. 24(d) and 24(e). (a) The calculated load–displacement curves. (b) A
comparison of crack evolutions.
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Fig. 29. The response of the notched beam in bending using the vertically aligned meshes with distortions in Fig. 24(e). (a) The calculated load–displacement curves.
(b) A comparison of crack evolutions.
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geometry of the structure.
The reference range of the load–displacement curves shown in

Fig. 23(a) is taken from the experimental results in [53], where we apply
the value 1.3 in strain to match the strain on the same scale. The
reference peak load occurs at 1.2 to 1.6 kN. The reason for the multi-
plication is that our material utilizes specic material constants taken
from the literature (as critical strain locations), see Appendix C. Analyses
are performed with load–displacement control [36,46] to obtain the
response with softening.

In this problem, the crack grows from the end of the notch and em-
anates vertically and also toward the beam ends, forming a crack zone,
which is shown by the shaded area in Fig. 22(a). To identify the effect of
meshing in the crack zone, we perform convergence studies with the
different meshes given in Ref. [45], and also use distorted mesh patterns
as given in Refs. [58,59]. Fig. 24 gives an overview of the nite element
meshes used. Two potential crack scenarios occur as shown in Fig. 23(b)
considering local effects, but the correct global pattern is a single crack
band in Mode I failure.

Fig. 25 presents the load–displacement curves using the horizontally
aligned mesh. The results from horizontally rening the mesh gave the
same result as obtained without the renement and were in good
agreement with the experimental range.

Fig. 26 gives the load–displacement curves using the vertically
aligned mesh. Unlike when using the horizontally aligned mesh case, the
length scale input had to be rened. For the vertically aligned meshes,
local effects in Fig. 23(b) dominate, so we apply Fig. 7(b) to determine
the crack width lb from the element length,

lb = ln (32)

where n is the number of elements within the notch of width l.
Then the results lie within the experimental range across different

mesh renements.

Fig. 30. Gravity dam problem. (a) Problem denition (geometry b1 = 72mm,b2 = 248mm,b3 = 1680mm,d = 300mm,h1 = 2550mm,h2 = 600mm,h3 =
150mm,w1 = 300mm,w2 = 150mm; pressure p = 3137Nmm2; concrete properties fc = 36Nmm2, GF = 0184Nmm). (b) Prenotched crack (emanating at B
from the shaded section area A). The total applied load is P =


ApdA = 1337N per unit load step. Dimensions in [mm, N, MPa].

Table 10
Input parameters for the dam.
Parameters from the present model

fc, tp (0.05), GF (0184Nmm),
lb = 120mm

Fig. 31. Deformed shape of the dam, also showing the crack opening relative
displacement at B.
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Fig. 27 shows the load–displacement curves when using the regular
meshes. To mitigate the effect of the occurrence of two crack bands in
Fig. 23(b), the regular mesh cases required lb to be increased. From the
crack coalescence experiment in Ref. [65], the percentage of load
applied to merge two cracks with low bridging angles in each band is 20
%–25 %. When two parallel cracks are merged, the fracture energy in
the combined crack is reduced to a smaller value of 75 % to 80 %
gF = GFlb (33)

For a normalized facture energy gF, and an initial value lb = 5.5 mm,
the values of lb to represent the correct reduced crack energy after the
coalescing of the two parallel cracks are lb = 6.0 mm to lb = 6.5 mm.
Using these values, the solutions following the single crack band pattern
in Fig. 23(b) showed good agreement with the experimental range.

Fig. 28 shows the load–displacement curves using the distorted mesh
cases in Fig. 24(d) and (e). It is possible to apply the regularization to
obtain good responses also when using the distorted meshes with nearly
equal side lengths. Using the Type B distorted mesh results in better
results than using the Type A mesh, requiring less mesh density in the
solution.

Fig. 29 shows the load–displacement curves using the distorted mesh
in the vertically aligned setup. Mesh alignments induce the crack to
spread out as in the localized crack growth in Fig. 23(b). With the length
scale adjusted again with Eq. (33) to capture the wider crack band
growth in the distorted mesh, the response agrees well with the results
using the undistorted mesh and is within the experimental range.

In summary, we applied the crack-band approach to determine the
element length [22,30,45] for our solution and performed convergence
and mesh sensitivity studies. It is shown that the predicted response can
be regularized to a reference solution irrespective of the mesh size,
element aspect ratios, or distortions present in the mesh using a single
parameter lb.

3.5. Gravity dam problem

We analyze a gravity damwith an initial crack subjected to hydraulic
loading, see Fig. 30 [60,61] and Table 10. The experiment was per-
formed by Carpinteri et al. [60] on a 1:40 scaled-down model, and the

model was analyzed extensively in different studies [61]. A section of
the dam is subjected to hydrostatic loading and local crack opening and
closure can take place, see Fig. 31. The boundary conditions are w = 0 at
the bottom surface DE, u = 0 at the back surface FE, and u = v = w = 0
at point D. The coarse and ne meshes used for the response predictions
are shown in Fig. 32.

The crack mouth opening displacement is obtained through a solu-
tion using the load–displacement control (LDC) scheme with line
searches [36,46]. The load–displacement curves are shown in Fig. 33.
When using the load–displacement control with line searches and the
ne mesh, our material model shows excellent agreement with the
experimental result. The resulting crack bands are shown in Fig. 34. The
crack band occurs in the region beneath the notch, forming a positive
angle from the horizontal direction. The tangent angle obtained using
for the solution the load–displacement control with line searches is
greater than when only using the load–displacement control, and also
the resulting band is straighter, demonstrating the better accuracy of the
solution. In the converged solution from the mesh renement, the width
of the slanted crack band is shown to be 120 mm, which agrees with our
choice of length scale lb described in Fig. 7.

4. Concluding remarks

We proposed a new concrete material model for nite element
analysis. The phenomena of fracture and cracking are merged into a new
plastic solution procedure (to model the compression effects) with ow
rules separately derived and used for three independent failure surfaces
used in a compression coordinate system. The coupling between plas-
ticity and fracture of the phenomenological behavior of concrete is
introduced using the material strains represented in their principal co-
ordinates. The concrete material model is embedded in a generally
applicable and effective nite element solution procedure, with the only
assumption (usually satised) that the constitutive relationship is
calculated locally at the integration points.

The proposed material model shows the empirical limiting behaviors
following the ultimate strength of the concrete considered and tensile
failure with cracking and tension-stiffening effects. The numerical pre-
dictions reached illustrate the capability of the material model to

Fig. 32. Meshes used for the dam problem, (a) the coarse mesh, (b) the ne mesh.
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Fig. 33. Load-displacement curves of the gravity dam, considering (a) LDC with or without line-searches, (b) mesh renement.
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simulate concrete behavior in challenging analysis problems with high
nonlinearities that include crushing and cracking of the concrete and the
effects of reinforcements.

While the numerical results illustrated the capability of the material
model to represent concrete behavior in some challenging analysis
problems with complex nonlinearities, we only used the concrete model
in the analyses of some, although varied, problems and employed spe-
cic experimental forms and material constants published earlier
[31,39–44]. The coefcients from Refs. [39–43] might be outdated.
Hence, extending the material input parameters in our material model to

handle these and the use of different built-in equations and coefcients
needs to be studied.

However, we can conclude that our proposed solution procedure is
already valuable and also represents “an avenue” with good potential to
reach an “all-encompassing scheme” to simulate complex nonlinear
behavior of concrete structures including failure. A study of the wider
applicability of our concrete model, in particular, in different modes of
failure, e.g. see Refs. [62,63], is envisaged for the future.’

Fig. 34. Crack bands of the gravity dam, solutions obtained with (a) the coarse mesh, (b) the ne mesh using LDC only, and (c) the ne mesh using both LDC and line
searches. The left and right columns indicate the original and magnied deformed congurations, respectively.
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Appendix A. Experimental ts of moduli using fc in Eqs. (9c), (10), (11) and crack strength in Eq. (16)

When just compressive cylindrical strength fc was specied without E or ν, initial bulk and shear moduli are determined from experimental t.
All data are given in units [MPa].

Ke = 11000+ 32fc

Ge = 9224+1360fc + 3296× 1015f8273c (A.1)
The coefcients used in Eqs. (10), (11) are,
if fc⩽317

A = 0516, c = 3573, d = 212+ 00183fc, m = 2415, n = 10, (A.2)

and if fc > 317
A = 0516(1+ 00027(fc  317)2397), c = 3573(1+ 00134(fc  317)1414),

d = 27, m = 3531+ 00352fc, n =  03124+ 00217fc, (A.3)

In addition we have for all fc
b = 2+ 181× 108f4461c , k = 4(1+ 1087(fc  15)023)

l = 0222+001086fc  0000122f2c (A.4)

When calculating the strength envelope for cracking, we use only the three constants fc, tp, and GF in Eq. (16) following Refs. [31,44] and shown in
Fig. 1. The tensile strength is given by ft = tp⋅fc ∈ [005⋅fc,010⋅fc].

Appendix B. Equivalence of Eqs. (13e)–(14a), (14b)

We use the identities

cos(2π
3  θ) = cos(2π

3 )cos(θ) + sin(2π
3 )sin(θ) =  12 cos(θ) +

̅̅̅
3

√

2 sin(θ)

cos(2π
3 + θ) = cos(2π

3 )cos(θ) sin(2π
3 )sin(θ) =  12 cos(θ)

̅̅̅
3

√

2 sin(θ) (B.1)

cos(π3 θ) = cos(π3)cos(θ)+ sin(
π
3)sin(θ) =

1
2 cos(θ) +

̅̅̅
3

√

2 sin(θ)

sin(π3 θ) = sin(π3)cos(θ) cos(
π
3)sin(θ) =

̅̅̅
3

√

2 cos(θ) 12 sin(θ) (B.2)

and also the inverse relations

cos(θ) = 1
2 cos(

π
3 θ) +12

̅̅̅
3

√
sin(π3 θ)

sin(θ) = 1
2

̅̅̅
3

√
cos(π3 θ)12 sin(

π
3 θ) (B.3)

Thus we have
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
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sin(π3 θ) (B.4)
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With Eq. (B.1) and Eq. (13e) expanded we also have


ee1
ee2
ee3


 = D1

3


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1
1
1
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Using Eq. (B.4) and Eq. (B.5), and substituting the denition of the coordinates and base vectors in Eq. (14), we obtain
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which veries the equivalence of Eq. (13e) and Eqs. (14a), (14b).

Appendix C. Plastic failure curves used in Eq. (15d) and their boundedness

We introduce plastic failure curves to use in calculating the strain response.
The coefcients of the functions were found from an experimental t of the strength data in Refs. [16,39–43],

m2 = 1ln(
̅̅̅̅̅̅̅̅
23


⋅α2(β2⋅ε̂p2)), m3 = 1ln(115

̅̅̅
2

√
⋅α3(β3⋅ε̂p3))

ε̂p2 = 00012, ε̂p3 = 00025

ecp2 = max(0,Ke êp1  045), ecp3 = max(0,Ke êp1  217), α2 = 1+0575⋅(ecp2)0315

β2 = 1+84⋅(ecp2)025, α3 = 1+ 0389⋅(ecp3)0315, β3 = 1+595⋅(ecp3)025, a = 25× 105, s = 08 (C.1)

See Ref. [16] for a review, and we use in our study

c2 = (β2⋅ε̂p2)⋅m(1m2)
2 , c3 = β3⋅ε̂p3⋅m(1m3)

3 (C.2)

cp1 = 30, cp2 = 360, cp3 = 120 (C.3)

The forms of the plastic failure curves in Eq. (15d) are similar to those given in H Park and JY Kim [16], derived from the data given in ZP Bazant and
PC Prat [9]. We modied these functions to have the new Eq. (15d).

For stability of the solution algorithm, the rst-order derivatives of all quantities need to be nite across all values of plastic strains. Also, a
property such that uniaxial or biaxial compression curves asymptotically tend to zero, unlike the hydrostatic curve [64], is also maintained in the
principal compression coordinate system.

First, focusing on the hydrostatic curve, differentiating, substituting ẽp1 = êp1a, and taking the limit êp1→ innity, we obtain
∂fp1
∂êp1

= cp1(
ẽp1
a )s(sa+ (1 s)ẽp1)

ẽp1

lim
ep1→∞

∂fp1
∂êp1

= lim
ẽp1→∞

∂fp1
∂êp1

= cp1 (̃
ep1
a )s[ saẽp1

+ (1 s)] = 0 (C.4)

Proceeding similarly, when considering ∂fpj∂êpj→0 for increasing êpj ∈ (0,∞] with j = 2, 3, all slopes of fpj will be nite as the plastic strains
accumulate, see Fig. 5(a). Actually, the values ∂fpj∂êpj at êpj = 0 are never encountered in the iteration with the nite increment Δepj in Eq. (15b)
giving êpj > 0. Also, plastic ow is invoked only on loading of the material.

Second, focusing on the uniaxial and biaxial compression cases, proper strain location at maximum needs to be included in the coefcients. With
ecpj = 0 in (C.1), solving for location of maximum fmpj for curve fpj (j = 2,3),

∂fpj
∂êpj

= exp[(êpjcj
)mj ]

(
mj(

êpj
cj
)mj  1

)
= 0,

cj =
êpj

exp[(lnmj
mj

)]
= êpj
m1mj
j

(C.5)

and equating each êpj with the experimental values êpj = ε̂pj in H Kupfer, HK Hilsdorf, and H Rusch [42], we arrive at cj = (ε̂pj)⋅m(1mj)
j . The corre-

sponding maximum value shown in Fig. 5(b-c) is
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fmpj = fpj
⃒⃒
⃒
epj=εpj

= exp((m1m2
j )m2 )(m1m2

j )cj (C.6)

These strain locations are dened on the plastic counterpart instead of the elastic strain axes.
Finally, taking the limits of the constitutive matrix entries in Eq. (31c), we prove that the values are bounded

CphIJ = EI êpI EJ ê
p
J

êp1EI ê
p
1 + êp2E2 ê

p
2 + êp3E3 ê

p
3

(C.7)

lim
epI →∞

CphIJ δIJ = EI , lim
epI →∞

CphIJ = 0 I ∕= J, lim
epI →0

CphIJ δIJ < EI, lim
epI →0,epJ→0

CphIJ = 0 I ∕= J

Thus the system will be linearly solvable [34] with Eq. (31). Only 3 × 3 matrix solutions are needed in the ow iteration in Eq. (29b) and plastic
constitutive matrix in Eq. (31c).

Data availability

Data will be made available on request.
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